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Abstract 

Discrete gauge symmetries in global intersecting D-brane models constrain the 
t— ( exact form of the perturbative as well as non-perturbative superpotential. We 

derive the complete set of conditions on the existence of discrete Z ra gauge 
^ symmetries on toroidal orbifolds, T 6 /Zjy and T 6 /Z 2 x Z 2 m, with fractional or 

© rigid D6-branes on tilted tori, for which global models of particle physics are 

known. 

j>! Several examples of global left-right symmetric and Pati-Salam models are 

presented. Some discrete 'stringy' Z n symmetries are trivial from the field 
theory point of view, while others have not been identified before. 
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1 Introduction 



Symmetries form an important gateway to a deeper understanding of the physics in our 
universe. Local symmetries are intimately connected with particle interactions, while global 
symmetries in field theory are often interpreted as accidental. However, discrete global 
symmetries play a major role in Beyond the Standard Model (BSM) physics. For example, 
different Z n symmetries such as R-parity, baryon triality or proton hexality have been 
proposed to prevent too fast proton decay in the Minimal Supersymmetric extension of 
the Standard Model (MSSM) of particle physics [1, 2]. 

In string theory, a global U(l) symmetry is a perturbative remnant of a local gauge sym- 
metry. The corresponding gauge boson acquires a mass at the string scale by a Stuckelberg 
coupling to some axion, whose complexification is the closed string modulus that enters 
the supersymmetry condition on the corresponding D-brane in the language of compact- 
ifications of Type II string theory. Non-perturbative effects such as D-brane instantons 
further break the global continuous symmetry [3] as expected in any consistent quantum 
gravity theory [4-8]. However, as recently realised in [9] in general some discrete subgroup 
of the massive gauge symmetry survives. In [9] , discrete symmetries in compactifications 
with D6-branes on the (orientifolded) six-torus and Z 2 x Z 2 orbifold were investigated 
for particular (non-) supersymmetric "protomodels" (models for which the gauge and the 
visible chiral matter is already fixed yet not all torus wrapping numbers are completely 
determined). Whether a discrete Z n symmetry exists, is closely linked to the values of 
the undetermined wrapping numbers, but many of the MSSM discrete symmetries turn 
out to be viable in these models as well. In [10], Gepner models with particle physics 
spectra were scanned for discrete remnants of massive gauge symmetries with the result 
that only Z 2 -symmetries (R-parity) and some Z 3 -symmetries, but no baryon triality, were 
found. In [11], local models based on MSSM-like quivers were studied and an attempt to 
constrain the existence of global family- independent Z n symmetries was made. However, 
global D-brane models crucially differ from the most simple local gauge quivers in various 
ways. Global models generically contain several massive U(l) gauge symmetries and addi- 
tional matter, which includes vector-like exotics with respect to the Standard Model gauge 
group as well as matter in hidden sectors. While for U(l) C U(3) = SU(3)qcd x U(l) 
a discrete Z3 baryon number symmetry is naively expected [12], for Pati-Salam models, 
a Z4 C U(l) C U(4) seems natural. Also the mixing among different massive U(l) fac- 
tors, such as e.g. the diagonal factor of U(2)l x U(2)r, is seen here for the first time. 
Last but not least, our search provides family-dependent as well as family-independent Z n 
symmetries. 

This article is organised as follows: in section 2, the basic considerations on the existence 
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of a discrete Z n symmetry are briefly reviewed. The constraints on the untilted six-torus 
are here for the first time generalised to all orbifold backgrounds with known global models 
containing the MSSM or some GUT. In subsection 2.3 the classification of Z n symmetries 
in field theory is briefly reviewed. Section 3 contains a systematic search for discrete Z n 
symmetries in all known MSSM and Pati-Salam models on fractional or rigid D6-branes in 
the T 6 /Z 6 and T 6 /Zg and T 6 /Z 2 x Z' 6 orientifolds. The discussion of our results and our 
conclusions are given in section 4. 

2 Discrete Gauge Symmetries 

In section 2.1 we briefly review the known constraints [9] on discrete Z n symmetries in 
intersecting D6-brane models on Type IIA orientifolds and then proceed in section 2.2 to 
extend the known formulas from the six-torus to all toroidal orbifolds, for which global 
fractional or rigid D6-brane models with particle physics spectra are known [13-16]. In 
section 2.3, we briefly review the field theoretical classification of discrete Z n symmetries 
in the MSSM [1, 2]. This section establishes all new techniques required in section 3 for 
the study of global D6-brane models with MSSM-like and Pati-Salam spectra, where we 
also discuss the difference of 'stringy' discrete Z„ symmetries as compared to the purely 
field theoretical considerations. 

2.1 Conditions on the existence of discrete Z n symmetries in in- 
tersecting D6-brane worlds 

In Type IIA orientifolds, the worldsheet parity Q needs to be combined with an anti- 
holomorphic involution 1Z on the Calabi-Yau threefold Cy 3 [17, 18]. If Cy 3 is given by an 
toroidal orbifold or a hypersurface [19] in some weighted projective space, the involution 
TZ is simply taken to be complex conjugation per two-torus, 1Z : z l — > ~z % for i e {1, 2, 3}. 
Supersymmetric D6-branes in Type IIA string theory on Cy 3 /QTZ wrap special Lagrangian 
three-cycles. The 63 = 2 /i2i + 2 dimensional lattice of three-cycles can in the most simple 
case of the untilted six-torus be decomposed into a symplectic basis of Ml-even cycles 



4 



Ilf en and fift-odd cycles II° dd with 1 

n even Q jjodd = § .. for i, J G {0, . . . , /l 21 }. (1) 

A generic three-cycle Il a wrapped by the D6-brane a along £3^3/^7?. can likewise be de- 
composed in terms of fflZ-even and f27?.-odd components, 

^21 h-21 

u a = K nr n + K n° dd ) , n a , = £ K nr en - K n° dd ) , (2) 

i=0 i=0 

where Il a / denotes the f27£-image three-cycle of IT a , and A l a ,B l a G Z denote the wrapping 
numbers in the symplectic unimodular basis. In practice, usually a different basis of three- 
cycles from the above one is used, and the coefficients A l a , B l a in the decomposition (2) are 
read off from ^4^- = Ei=o A iW en and = £-= S a n ° dd > respectively 

The symplectic basis of three-cycles is important for D6-brane model building in several 
respects: 



1. Stacks of iV a identical D6-branes a wrapping generic three-cycles n a as in equation (2) 
support U(N a ) gauge groups. If the D6-branes wrap only an orientifold even three- 
cycle, Il a = Il a / = n| ven for some i G {0, . . . , h 2 i}, additional string excitations with 
antisymmetric or symmetric Chan-Paton factors become massless, and the dimen- 
sion of the gauge group is enhanced to SO(2N a ) or USp(2N a ). The type of gauge 
enhancement depends on the cycle n| ven and can to date only be determined on a 
case-by-case basis as detailed in section 2.2 for various toroidal orbifold backgrounds. 

2. According to [20-22], the K-theory constraint on globally consistent D6-brane models 
can be expressed in terms of intersection numbers with all those 'probe' D6-branes 
wrapped on three-cycles supporting USp(2)i gauge factors, 

n r n ° NaIla = mod 2 Vz with £7 ( 1 ) < ^ US P( 2 )i- ( 3 ) 

a 

The same three-cycles nf en can be used for model building with SU(2)l ~ USp(2)i 
gauge factors instead of SU{2) L C U{2). 

1 In toroidal orbifold compactifications with at least one tilted two-torus, the statement has to be 
modified as follows: the tllZ-even cycles n® ven and fflZ-odd cycles Il° dd form in general an integral lattice 
within the full lattice of three-cycles, but their intersection form is not unimodular. The wrapping numbers 
A l a ,B l a take values in Q instead of Z, and the corresponding conditions in equation (6) and (7) used before 
in [9, 11] require an appropriate rescaling. Spelling out the conditions in terms of intersection numbers in 
equation (8) avoids this problem as exemplified for various orbifold backgrounds in section 2.2. 
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C (3 ), B\ 2) = - / C (5) with i s = 2Wa'. (4) 



3. The four-dimensional closed string spectrum contains h 2 \ + 1 axionic scalars (pi and 
their dual two-forms £?™ which stem from the dimensional reduction of the ten- 
dimensional RR-form C(3) and its dual C(s) along the symplectic basis of three-cycles, 

If i _ 1 

^ = /6 / C ( 3 )' 5 (2) = 76 , ., 

*s Jn| ven fc s </n° dd 

The dimensional reduction of the Chern-Simons actions along all D6-branes a in a 
given global D-brane model, 

^•21 p ^21 „ 

/ ^tr^AFj, E^E 5 - / 5 (2)AtrF a , (5) 

with wrapping numbers A l a ,B l a e Z defined in equation (2) provides the Green- 
Schwarz couplings to cancel all mixed one-loop gauge anomalies of the form U(l) a — 
U(l)l and U(l) a — SU(Nb) 2 . The Stiickelberg terms on the right hand side of equa- 
tion (5) provide masses for the corresponding Abelian gauge bosons. 

4. A linear combination U(l)x = YlaQo.U(l) a remains anomaly-free and massless if the 
corresponding Stiickelberg coupling in equation (5) vanishes, or equivalently if the 
following constraint is satisfied in homology, 

E?aiV a na ~ na ' =0 & J2^ N - B a = V * With ^Q. ( 6 ) 

a a 

The factor N a arises from the trace normalizations of the diagonal U(l) a C U(N a ) 
factors [23, 15]. 

As argued in [9] , the condition (6) can be generalised for discrete Z n subgroups of massive 
Abelian gauge symmetries, 

k * N a Ila ~ 2 Ila ' = mod n <£> ka NaB * = mod n Vi with ka E Z ' ( 7 ) 

a a 

where '0 mod rC in homology means that the right hand side is n times a linear combination 
of the basic f27?.-odd three-cycles n° dd . Due to the Z n symmetry, the coefficients k a in the 
linear combinations can be chosen to lie in the interval ^ k a < n with gcd(fc a , kf, . . . n) = 1. 

In practice, on toroidal orbifolds it is more convenient to work with a basis of three-cycles 
which differs from the symplectic one with QTZ-even and f27£-odd elements. It is then 
useful to rewrite the constraints on the existence of massless Abelian gauge symmetries (6) 
or discrete Z n symmetries (7) analogously to the K-theory constraint (3) as [9] 

° Ea Qa N a n a = for a massless U(l) x = £ a q a U(l) a , 

nr°E^«^n a = 0modn Vi for a discrete Z n C £ a k a U(l) a . 
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On orbifolds, where all gauge enhancements are of the type Z7(l)j <— > USp(2)i and none 
U(l)i ^ SO(2)i, the K-theory constraint in equation (3) is identical to the second line 
in equation (8) with k a = 1 and n = 2 and therefore implies the existence of a 'diagonal' 
discrete Z 2 symmetry. This 'diagonal' Z 2 symmetry occurs for instance in all globally 
consistent D6-brane models on T 6 /(Z 2 x Z 2 x Ml) and T 6 /(Z 2 x Z 4 x Ml) orbifolds 
without discrete torsion [24-28]. 

On orbifolds where some gauge enhancement of the type U(l)i c -> SO(2)i occurs, the 
'diagonal' discrete Z 2 symmetry does not necessarily exist. In particular, the orbifolds 
T 6 /Ml, T 6 /(Z 3 x Ml), T 6 /(Z 27V x Ml) or T 6 /(Z 2 x Z 2M x Ml) with discrete torsion 
allow for both types of gauge enhancements [29, 16] - in some cases depending on the 
number of tilted two-tori. A more detailed discussion on the existence of the 'diagonal' Z 2 
symmetry is given for each example on T 6 /(Z 6 x Ml), T 6 /(Z' 6 x Ml) and T 6 /(Z 2 x Z' 6 x Ml) 
with discrete torsion in sections 2.2.2 to 2.2.4. 

The formulation (8) has the advantage that it is unnecessary to determine the basis Il° dd 
of QTl-odd three-cycles explicitly, or the intersection form n| ven o n° dd = c 5{j with c e Z 
is not required to be unimodular, as shown in the next section 2.2. 

2.2 Discrete Z n symmetries on fractional D6-branes in toroidal 
orbifold models 

The decomposition into a symplectic basis of QTl-even and Ml-odd three-cycles with 
intersection form given by equation (1) is straightforward for untilted tori, but does not 
lead to the full unimodular lattice if some of the tori are tilted. Instead, the three-cycles 
-Qeven anc j Tjodd on }y f orm an integral sublattice. We first briefly exemplify this in the case 
of the well-known T 6 / (Z 2 x Z 2 x Ml) orientifold without discrete torsion and with some 
tilted tori, see e.g. [25, 26, 30]. We then proceed to derive the conditions on the existence of 
Z n symmetries for the orbifolds T 6 / (Z 6 x Ml) and T 6 / (Zg x Ml) with fractional D6-branes 
and for T 6 / (Z 2 x Z' 6 x Ml) with discrete torsion with rigid D6-branes. 
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2.2.1 The orbifold T 6 /(Z 2 x Z 2 x Q1Z) without discrete torsion on tilted tori 



The unimodular lattice of three-cycles is spanned by eight half-bulk cycles, which can be 
expressed in terms of the basic one-cycles 7r 2 j_i and TT 2i per two-torus as follows, 

II_l = \ X (4 7Tl <g> VT 3 <g> 7T 5 ) , n = - X (4 7T 2 ® 7T 4 g> 7T 6 ) , 

\ i (9) 

n 2i _i = - x (4 7r 2i _i ® n 2j g> 7r 2fc ) , n 2i = - x (4 vr 2i ® 7r 2i _i g> 7r 2fc -i) , 

with o IIo = n 2 j_i o IT 2 j = — 1 and ij^jj^kj^iE {1,2,3}. For untilted tori 
(pi = b 2 = b 3 = 0), the cycles n_ 1 ,n 2 i_i are QTZ-eveia and the cycles n ,n 2 j are Q1Z- 
odd. If, however, a two-torus T%. is tilted (6j = |), the flTZ-even direction is given by 
7T2i-i = ?r2 ' ; an d the integral lattice of f27?.-even and £77?.-odd three cycles is spanned 

by 



rreven _ n ~l ~ Ej=l ( b i ggj ~ fe A ^-l) ~ M 2 ft 3 ^Ob odd _ 

n o - ^ — 7 ' ii o - ii 0; 



n = u 2i -i - h n dd = u 2i - bj n 2fc _i - b k n 2j --i + &A n 

i h ' 1 ~ (1-6,0(1-6*) 

with intersection form 



(10) 



n r n on odd = _ I J with I, J 6 {0... 3}. (11) 

ilz=i(i -h) 

With the notation of bulk wrapping numbers (X*, Y*)j e { _ 3 y in terms of one-cycle wrap- 
ping numbers (nl, TO l J i6 {i...3} [31], 

X° a = nlnlnl X\ = <m>*, Y a ° = m»^, = m>^, (12) 

the wrapping numbers (A^, -B„)/ e {o...3} in the expansion (2) of QTZ-eyen and f27£-odd cycles 
are multiples of |, |, |, 1 for three, two, one or no tilted two-torus, respectively They take 
the following form, 

K = [nf=i(l - k)} XI B° a = Y a ° + E- = i (PiX* + bjb k Yf) + ftiftafts^S, 

Al = (1 - 6.) K + 6, y a fc + b k Yi + 6,-6 fc X °] , B\ = (1 - 6,)(1 - 6*) K + h X° a ] . 

(13) 

Due to intersection numbers (11) being multiples of eight, four, two or one for three, two, 
one or no tilted two-torus, the conditions (8) on the existence of a discrete Z n symmetry 
boil down to 

-^k a N a n3 ^ 77 =0modn VJG{0...3}. (14) 
LLi=iK L - b 
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Orientifold projection on T 6 /(Z 6 x QR) on AAB 




VR(p 2 ) 


VtR(e a ) 




P2 


Pi 


-h 

a = (3 = 


1,2,3; a = 4,5^/3 = 5,4 



Table 1: Orientifold projec- 
tion on the bulk three-cycles 
Pi,ie{i,2} an< i exceptional three- 
cycles e«,a£{1...5}) ^a,oe{1...5} 
on T 6 /(Z 6 x SIR) with AAB 
background orientation. 



This generalises the discussion in appendix A of [9] , which was valid for one h$ ^ and only 
the values I G {0,z}. Contrary to a claim in [11], the combination of fractional wrapping 
numbers (13) and integer intersection numbers (11) in the condition for a discrete Z n 



symmetry (14) always takes values 



Bi 



nf=i(i-6i) 



G Z. The analogous statement is true for all 



other orbifolds investigated, and it underlines the statement in [9] that for a Z n symmetry 
only values ^ k a < n are physically distinct. 

On T 6 / (Z 2 xZ 2 xQR) without discrete torsion, all TIf ven support USp(2Nj) gauge groups [32, 
33, 25, 26] and therefore the K-theory constraint implies the existence of a discrete Z 2 sym- 
metry in any global D6-brane model. 



2.2.2 The orbifold T 6 /(Z 6 x MR) with AAB lattice 

The first toroidal orbifold under investigation with fractional D6-branes is T 6 / (Z 6 x QR) 
with shift vector v = |(1, 1, —2), allowing fractional three-cycles of the form [13] 



Xa,a &a Va,a e a \ I 



(15) 



with bulk three-cycles pi and exceptional three-cycles e a ,e a at Z 2 C Z§ orbifold singular- 
ities and with bulk and exceptional wrapping numbers X a , Y a , x ay0t , y a ^ a G Z. The basic 
non-vanishing intersection numbers [13] with corrected sign of the bulk three-cycle inter- 
section [33] are given by 

Pl op 2 = 2, e a o = -2 5 a p. (16) 

The orientifold projection of three-cycles depends on the choice of lattice orientation and 
is given in table 1 for the AAB lattice. From 



n a + n a > = i 

2 4 



n a - n a , i 



[X a + Y a ] (pi+p 2 )+ ^ 

\ a=|9£{l,2,3} and 

(a,0)e{(4,5),(5,4)} 

\[X a -Y a ]( Pl -p 2 )+ [ 

Xa,a Va 

\ a = 06{l,2,3} and 



//,, ;l (--„ -■:.'.) J • 

(a^)e{(4,5);(5,4)} 



(17) 



K/3) 6 {(4,5),(5,4)} 
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we find the decomposition into VllZ-even and f27£-odd three-cycles, which originate purely 
from the bulk or Z 2 twisted sector, 



TTcven _ 

a 



with intersection numbers 




n° dd = Pl - P2 , 



jjodd _ 




(18) 



m ven o it 



odd 



with a,0 e {0...5}. 



(19) 



These three-cycles only form a sublattice of the full QTZ-even plus fi7£-odd lattice, and 
therefore they provide the six necessary but not sufficient conditions on the existence of a 
discrete Z n symmetry on the first six lines in equation (20), 



/ 



-(X a -Y a ) 



\ 



~{x a ,l + 2/o,l) 
~(x a ,2 +2/o,2) 
-(%a,3 + 2/0,3) 
~{x a ,5 + 2/o,4) 
-(aJa,4 + 2/a,5) 



V 



(-y a -y a ) + (a; ,i+y ,i) + (a: ,2+ya,2) + (a:a,3+2/a,3) 
2 

(^-y.) + (^.l+y..l) + fa,5+j<a,4) 

2 

(X a -y a ) + (a; a ,3+y a ,3) + (a; a ,4+i;a,5) 
2 



mod n. 



(20) 



/ 



The six necessary conditions obviously have integer entries since all bulk wrapping numbers 
(X a ,Y a ) and exceptional wrapping numbers (x aja ,y a>a ) are integers. 

The three sufficient conditions on the last three lines of equation (20) also have integer 
entries within the parenthesis. This can be seen as follows. The shortest possible QTZ-even 
three-cycles are those fractional three-cycles, on which the gauge group is enhanced from 
a single U(N a ) to a USp(2N a ) or SO(2N a ) factor. These three-cycles are either parallel 
to one of the 06-plane orbits Q1Z or QTZZ^ with = Z 2 or perpendicular to them 
along a four-torus. Following the notation for T 6 / (Z 2 x Z 2M x VLTZ) orbifolds with discrete 
torsion, the latter planes are denoted QTZZ^ and VtVJL^ even though the Z^ and Z^ 
symmetries are not present in the T 6 /(Z@ x Q1Z) orbifold. The conditions on the existence 
of a gauge enhancement can be obtained by truncating the conditions in table 2 to only 
those on 77(3) = +1 with b± — b 2 — \. The three-cycles parallel to some 06-plane orbit take 
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Existence of VtlZ invariant three-cycles on T 6 /(Z 2 x Z 2M x with 77 = — 1 



tt to 06-plane 



(2) 



T 2_2 , I. „3_31 



(3) 



l<r 1 r 1 +63cr 3 T 3 ) 


_(_l)2(6 1 cr 1 




lo- 1 r 1 +6 3 cr 3 T 3 ) 


'_l)2(bi CT 1 r 1 




icr^^feso-Sr 3 ) 


'—1)2(6! o-V 1 




1 T 1 +6 3 CT 3 T 3 ) _ 


' _l)2(6io- 1 r 1 


+&2<x 2 r 2 A 



Table 2: Conditions on the existence of S17£ invariant fractional three-cycles on T 6 /(Z 2 x Z 2 m x 
07?.) with discrete torsion (77 = —1) for 2M £ {2,6,6'} as derived in [33]. The conditions on 
the existence of invariant three-cycles on T 6 /Z 2 tv with Z^ C Z 2 v C Z 2 x Z 2 ^ are obtained 
by only considering the condition on rfrfy = +1 and truncating the other two rj^ k y b{ = 0, \ 
parameterise the untilted or tilted shape per two-torus T%y a 1 E {0, 1} denote the displacements 
of a given three-cycle from the origin of T 2 ^, and t 1 G {0, 1} parameterise the choice of discrete 



Wilson line. 

the form on the AAB lattice 



(cr 1 ,(T 2 ) = (l,0) 2 ^ 



TT frac,nTC/n7JZj^ r 2 = l 1|3 ven 

ii (cr 1 ,<7 2 ) = (0,l) ~~ ° 

n frac,n7?./nraf ) tVt 2 l^^gven 

ii (< T l,a 2 ) = (l,l) ~~ "o" ii 



1 \T Z 2 
-1) X 



' 1 NT^2 

-1) x 



-3 nf en - 


(-i 


r 2 x [nf cn + 2 nf en ] 






2 


-3nf en + 


(-i; 


rl x [nf cn - nf en ] 






2 


-3nf en + 


(-i; 


rl x [2 nf cn + nf en ] 


2 



(21) 



1 13 

where for the sake of shortness we introduced the notation ^-nf en as bulk contribution 
° 2 for D6-branes parallel to the fi7?.-invariant orbit and — | — parallel to the ^IVJL 2 - 
invariant orbit, cr 1 , t % G {0, 1} denote discrete displacements (cr*) from the origin and 
discrete Wilson lines (r l ) on Th, and r Z2 G {0, 1} parameterises the two allowed choices 
of Z 2 eigenvalue per three-cycle. 



The orientifold invariant three-cycles perpendicular to the 06-planes in the T 6 / (Zq x QTZ) 



11 



background can be concisely summarised as 

nfra c,n ra w/^4 2 > _nr^ ^_ , , ^ 2 (-i) rl nf cn + (-1)" 2 n c 2 vcn + {-ly 1 ^ 2 n 

u (aV 2 )=(o,o) — 2 X 2 

m ,„„ cqi . TTeven TTeven / i \t 2 TTeven 

ii ( ( T 1 ,<T 2 )=(i,o) ~~ ~~ 2 ^ ' X 2 ' 

il ( CT i, CT 2)=(o,i) ~ 2 2 



even 



even! 



m , C21 1 o TTeven TTeven / i\t TTeven 

j^smzg* lttRz%> rWW iio -11 3 ~ l~-U n 5 

(o- 1 ,cr 2 ) = (l,l) 2 2 

(22) 

A careful inspection shows that upon adding integer multiples of the basic n| ven defined 
in (18), only three of the 64 cycles in equations (21) and (22) are linearly independent. 
These three cycles provide the sufficient conditions on the existence of a Z ra symmetry 
in the last three lines of equation (20). For example, the entry in the parenthesis for 
the first sufficient condition is the integer valued intersection number with the shortest 

frac QTiZ^ /QIZZ^ 

QTZ-even fractional three-cycle ' CT 2) = 2 q) 2 wrfc h the choice of discrete parameters 
t-'- r 1 r 1 0. 



Since the lattice of f27£-even three-cycles on T 6 / (W,q x QTZ) is only hn + 1 = 6 dimensional, 
not all combinations of necessary and sufficient conditions in equation (20) are independent. 
However, for practical purposes it is useful to first compute the simpler necessary conditions 
and verify the sufficient conditions afterwards. 

In contrast to the T 6 /(Z2 x Z 2 x Q1Z) orbifold without discrete torsion in section 2.2.1, the 
K-theory constraint on T 6 / (1*$ x QTZ) does not automatically imply a Z 2 symmetry since 
not all orientifold invariant three-cycles support U Sp(2N a ) gauge factors. The gauge group 
and matter content in the antisymmetric (Anti a ) and symmetric (Sym a ) representation 
depends on the choice of discrete Wilson lines (r^r 2 ) and discrete displacements (a 1 , a 2 ) 
along Tj 2 ^ x as follows (but is independent of the choice of Z 2 eigenvalues (— l) r 2 ): 



All D6-branes ft ^H: USp{2N a ) with one chiral multiplet in the (SymJ = (Adj J 
representation from the aa' sector and no further matter states at the intersections 
(u k a)(u k a)' k=1 2 of orbifold images, 



All D6-branes tt ^flZ^: USp{2N a ) with one chiral multiplet in the (SymJ rep- 
resentation from the aa 1 sector plus 12 x (SymJ from the {ui k a){ui k a)' k=1 2 sector, 



All D6-branes ft ^Z^, OHZZf with (a\ t 1 )^ ^ (1, 1; 1, 1): USp{2N a ) with one 
chiral multiplet in the (Anti a ) representation from the aa' sector plus 2 x (Anti a ) 
from the (u k a)(u k a)' k=12 sector, 
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Orientifold projection on T 6 /(Zg x VtlZ) on ABa 












QTZ{S a ) 


P2 


Pi 


-P4 


~P3 


-5 a 


-8 a 



Table 3: Orientifold projection 
on bulk three-cycles Pi : ie{i..A} 
and exceptional three-cycles 

<5(*,a!£{1...4}> ^ Q ,aG{1...4} on the 

ABa lattice of T 6 /(Z' 6 x WZ). 



D6-branes ft fiftZ? 5 , 



WIZ^ with (a\T { 



=1,2 



1,1; 1,1): SO(2N a ) 



with one chi- 



ral multiplet in the (Sym a ) representation from the aa sector plus 2 x (Anti a ) from 
the {uj k a){ui k a)' k=l2 sector. 



The last case deviates from the classification performed in table 15 of [29] due to the sublety 
of the sign (— l) 2 ^ "'^ in the Mobius strip contribution to the beta function coefficient for a 
D6-brane parallel to its own orientifold image along a tilted as argued in appendix B.l 
of [16]. 

While the existence of some gauge enhancement to SO(2N a ) annuls the argument that the 
K-theory constraint automatically implies a discrete Z 2 symmetry, it was shown in [34] 
that the probe-brane condition is for global super symmetric models on T 6 / (Z 6 x QTZ) 
automatically fulfilled - including a probe brane of SO(2N a ) type. Global supersymmetric 
models on T 6 / (7*$ x QTZ) thus possess at least one discrete Z 2 symmetry. 



2.2.3 The T 6 /(Z 6 x QK) with ABa lattice 

A second class of toroidal orientifolds providing consistent global models with fractional 
D6-branes consists of T 6 /(Z' 6 x VlTZ) with v' = §(1,2,-3) [14, 15], for which a generic 
fractional three-cycle can be written as follows with bulk and exceptional wrapping numbers 

Pai Qai U a , Vat d a ,ai &a,a £ Z, 



(23) 



The orientifold projection on bulk and exceptional three-cycles pi and 8 a , 6 a displayed in 
table 3 leads to the following QTZ-even and flTZ-odd expansions on the ABa lattice, 

4 

[Pa + Qa] (Pl + P2) + [U a ~ V a ] (/>3 ~ Pi) + ^ ~ e a,a] 0>a ~ <U 



n a + n Q , = i 

2 4 



n a - n a , l 



a=l 
1 



[Pa ~ Qa] (Pl " P2) + [U a + V a ) (p 3 + p 4 ) + ^ [d a,a ~ ^a,a ][S a + 5 



a=l 



(24) 



13 



and thereby to the ansatz for an VllZ-even and fi7£-odd basis of three-cycles, 



Pl + P2, 



odd 



neven _ _ 

2 — P3 — Pi, 

rreven c _ r 

11 2+o ~~ u « "to 



TTodd 
iA 2 



P3 + Pa, 
Pi ~ Pi, 



TTodd _ f ,f 



Using the basic non- vanishing intersection numbers [14] 

Pl ° P3 = P2 ° P4 = 4, p 2 ° P3 = Pl ° P4 = 2, 



with a = 1 ... 4. 



5 a o 5^ 



-2<5 n 



(25) 



(26) 



the ansatz (25) for a symplectic QTZ-even and f27£-odd basis of three-cycles does not have 
an unimodular intersection form, 



n 



ram j-j-odd 



hp x 



12 a = 1 
-4 a = 2... 6 



(27) 



In complete analogy to the T 6 /(Zg x f27£) background in section 2.2.2, the conditions on 
the existence of a discrete Z n symmetry can be decomposed into 2+4 necessary ones on 
the first lines, 



/ 



5>a iV a 



3{U a + V a ) 



\ 





-{Pa- 


Qa) 




-(d a ,l + 


e a .i) 




-{d a ,2 + 


e a ,2) 




-(4,3 + 


e a,3) 




~(da,3 + 


e a,3) 


3 (U a +V a 


-(da,i+e. 


,l)-( d a,2+e a ,2) 


3 [U a +V a 


2 

-(da,3+e< 


1,3)— (do,4+e a ,4) 



V 



-(Pa-Qa)-(dq,l+ea,l)-(da,4+e»,4) 

2 

-(Pa-Qa)-(dq,2+eo,2)-(da,3+ea,3) 



= mod n, 



(28) 



/ 



and four sufficient ones from the shortest possible orientifold invariant three-cycles. On 
T 6 /(Z' 6 x QTZ), table 2 can be truncated to the constraints on 77(2) = +1 with 63 = for 
the untilted a-type lattice and b\ = \ for the A-type lattice. The fractional three-cycles 
that satisfy this topological condition and give rise to a gauge group enhancement can be 
written down schematically as 



n 



frac,f!7?- 
(oVi)=(l,l)' 



n 



(<T 1 ,T 1 ) = (1,1)' 



r frac,f27£! 



n( CT i, r i) e {(o,o),(i,o),(o,i)}' 



ii ((T 1 ,Ti)e{(o,o),(i,o),(o,i)}' ^ ' 
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with arbitrary values for (a 3 , r 3 ) and arbitrary Z 2 eigenvalues (— l) r 2 . Out of the initially 
64 orientifold invariant three-cycles, only four are linearly independent if adding multiple 
integers of the basic il| ven defined in (25) are allowed. These provide the four sufficient 
conditions in the lower lines of equation (28). Again, since /i2i + 1 = 6, some of the 
necessary conditions are redundant, but for practical purposes it is useful to first compute 
these most simple constraints and impose the sufficient conditions afterwards. 

On the ABa lattice, there are no orientifold invariant three-cycles supporting SO(2N a ) 
gauge groups, suggesting that the K-theory constraint imply the automatic presence of 
a Z 2 symmetry for this background. 2 Indeed, a full classification of orientifold invariant 
three-cycles on the ABa lattice shows that all of them give rise to a U(N a ) ^ U Sp(2N a ) 
enhancement in agreement with [29], while the amount of matter in the antisymmetric 
(Anti a ) or symmetric (Sym a ) representation alters depending on which (pesudo) 06-plane 
the D6-brane a is parallel to: 



All D6-branes ft USp(2N a ) with one chiral multiplet in the (SymJ = (AdjJ 



fc„y 



representation from the aa' sector and 3x (Anti a ) at the intersections (w o)(w o 
of orbifold images, 



fc=l,2 



All D6-branes ft WH^: USp(2N a ) with one chiral multiplet in the (Sym a ) rep- 
resentation from the aa' sector plus 9 x (Anti a ) from the (u k a)(u> k a)' k=1 2 sector, 



All D6-branes ft ^Z^: USp(2N a ) with one chiral multiplet in the (Anti a ) repre- 
sentation from the aa' sector plus 2x (Anti a ) and lx (SymJ from the (u) k a)(uj k a)' k=l 2 
sector. 



All D6-branes ft ^Rl^: USp(2N a ) with one chiral multiplet in the (Anti a ) rep- 
resentation from the aa' sector plus 1 x (Anti a ) from the (u k a)(u) k a)' k=12 sector. 



In [14] it was shown, that for all choices of background lattices of T 6 (Z' 6 x Q1Z) the com- 
bination of RR tadpole cancellation and supersymmetric fractional D6-branes renders the 
K-theory constraint (3) for all 'probe' D6-branes trivial - including those 'probe' branes 
with SO(2N a ) gauge symmetry. As a consequence, also the 'diagonal' Z 2 symmetry exists 
for any supersymmetric global D6-brane model on T 6 (Z' 6 x QTZ). 

2 Note that gauge group enhancement to an SO(2N a ) gauge factor on T 6 /(Zg x fflZ) occurs only when 
the third two-torus is also tilted, i.e. a b-type lattice for T^ 3 y In this configuration the factor (— \) 2bi<J a T 'a i n 
the Mobius-amplitude contribution to the beta-function coefficient [1G] will no longer be idle, but depending 
on the values of the discrete Wilson lines (t* , t|) and discrete displacements (<r*, cr„) the gauge group can 
enhance to a USp(2N a ) or a SO(2N a ) factor, similar to the classification in section 2.2.2. 
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Orientifold projection on T 6 /(Z 2 x Z' 6 x WZ) on AAA 










Pi 


Pi ~ P2 


(k) 

-V(k) 4 
a = (3 = 


V(k) (ef ~ ef) 
-- 1,2,3; a = 4,5 <B- (3 = 5,4 



Table 4: Orientifold 
projection of bulk three- 
cycles Pi,ie{i j2 } and ex- 
ceptional three-cycles 

e a,ae{1...5}i e a,a£{1...5} 

on T 6 /(Z 2 x Z' 6 x ftft) 
with Tj = —1 and AAA 
orientation. 



2.2.4 The orbifold T 6 /(Z 2 x Z^ x fift) with discrete torsion and AAA lattice 



The last toroidal orbifold discussed in this paper is T 6 /(Z 2 x Z' 6 x QTZ) with discrete 
torsion (77 = —1) with shift vectors v = |(1, —1, 0) and w = |(— 2, 1, 1) generating the Z 2 
and Z' 6 orbifold action. On this background, rigid three-cycles are constructed [33] as the 
superposition of one-quarter of some bulk three-cycle with one-quarter of some exceptional 
three-cycles from each of the three Z^ twisted sectors, 



n a = \(x aPl + Y aP2 + J2t: H k l 4 fe) + yi k) a ) 

\ k=l a=l J 



(30) 



where the pi correspond to the orbifold invariant bulk three-cycles, and (e« , §a) form 
the exceptional three-cycle basis at the Z 2 fc ^ orbifold singularities, with the non-vanishing 
intersection numbers: 



Pi P2 



e?'o £ f = -4<5 aj3 <5 



'a w c /3 



kl 



(31) 



Restricting to the AAA lattice, the orientifold projection acts on the three-cycles as given 
in table 4 and allows for the following decomposition in terms of QTZ-even and f27£-odd 
three-cycles, 



+ n a , 1 



/ 



\ 



[2X a + Y a } Pl + J2 E 



x 



(k) _ 



V(k) 



(fc) . (k) 

X a,fi + Va'fi 



k = l a = ,3e{l,2,3} and 
(<*,/3)e{(4,5),(5,4)} 



)4 fc) + (i/S+^)^)4 fe) } 



n a / 1 



/ 



>;(-Pi + 2p 2 ) + ^ 5^ 



45 + 



V 



fc=l a=/3e{l,2,3} and 
(a,/3)e{(4,5),(5,4)} 



(fc) . (fc) 



4 fc) + te-^)^)4 fc) ' 



(32) 



where 77^) = VmzVfmzW = =tl with f7 fc=1 77^) = 77 = — 1 depends on the choice of exotic 
06-plane. Focusing on configurations with the f27?.-plane as the exotic 06-plane (i.e. 77^ = 
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fj(k),ke {i,2, 3} — — 1)) the ansatz for the WZ-even and f27?.-odd three-cycles reads 



n 



CVCI1,1 





Pi, 



11 Q6{1,2,3} 



= € 



(k) 
a , 



n 



— t A -T t 



iA 5 



(k) 



= 2(6 



5 > 
~(fc) ~{k) 



(k) 

4 



-(*) 



n: 



odd,l 




-pi + 2p 2 , 



n odd,z( fc) _ (fc) (fe) 



ae{l,2,3} 
TT odd,z' fe) 

n 4 

T odd,Z^ fc) 



= 2 (ef+ef +e£>), 



(*) , 



.(*) 
'4 



-(*) 
-5 > 



for which the intersection numbers clearly do not form a unimodular basis, 



(33) 



T odd,Z<° 



l 2 ou j^ 2 



* k %8 X < 



8 


a = 


-8 


1...3 


-16 


4 


16 


5 



with Z 



(o) 



(34) 



Analogously to the two other orbifolds, the necessary conditions for the existence of discrete 
Z n symmetries follow from inserting the sixteen basic QTZ-even three-cycles of equation (33) 
into equation (8), 



/ 



^k a N a 



Y„ 



\ 





_„(i) 






_„(!) 






i/a,3 












+ 












(2) 
i/o,2 












-(</i 2 l + ^) 




2(< 4 




y a ,5) 



_„(3) 

y a ,i 
-« (3) 

-(»S + yS) 

V 2(xi 3 l-xi 3 l) + (^- y i 3 )) / 

These sixteen necessary conditions have to be supplemented by sixteen sufficient condi- 
tions arising from the shortest QlZ-eveia rigid three-cycles with an enhanced U Sp{2N a ) or 



= mod n 



for 



Van = -1- 



(35) 
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S0(2N a ) gauge group. These shortest three-cycles are parallel to one of the four QTZZ^- 
invariant planes and satisfy the topological conditions in table 2 with = | and T]oa = — 1 
for k G {1,2,3}. In section 3.1 of [16], we found that a total of 256 fractional three-cycles 
are orientifold invariant. These are split into 108+4 three-cycles parallel to the QTZ-plsme 
with gauge enhancement to USp(2N a ) and SO(2N a ), respectively, and 3 x (12 + 36) three- 
cycles parallel to the fiT^Zg 1 ' 2 ' 3 ^ -planes with gauge enhancements to USp(2N a ) and 
SO(2N a ). However, only h 2 ± + 1 = 16 QTZ-even fractional three-cycles are linearly inde- 
pendent. As an example, the fractional three-cycle parallel to the QTZ- invariant plane but 
displaced by (a) = (1,1,1) has the following expansion in terms of the basic fflZ-even 
cycles in equation (33), 

neven 3 / i \r Z 2'' / ri yjeven,^ -p-j-even^^ 

(36) 

For (r) = (0), the gauge group is of USp(2N a ) type for any choice of Z 2 eigenvalues 

(— l) r 2 . The fourth line from the bottom in equation (37) contains the intersection 
number of the D6-branes a with such a three-cycle with Z 2 eigenvalues (+, +, +). The third 
and second line from the bottom are obtained by adding the analogous intersection number 
with f27£-invariant three-cycles with Z 2 eigenvalues (+,—,—) and (—,+,—), respectively. 
For (f) = (1, 1, 1) the gauge group is enhanced to SO(2N a ), and the last entry in the 
parenthesis of equation (37) contains the sum of intersection numbers with the two Q1Z- 
invariant cycles with (r) = (0) and (r) = (1,1,1), both with Z 2 eigenvalues (+,+,+). 
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/ 



\ 



v:,i+yi 2 WS] 



yl 2 \+yl 2 W a 3 WS 
y^+y^y^+y^i 



4 

yg+ly ( a 2) 2 -(yi 2 l+yi 2} 5 )] 



yi 2 W 2 W a 3 WS 



« _L _L „(!) W 



'ft] 



V 



^+yfk-i 2 i+yi 2 i-41 



mod n. 



(37) 



/ 



As in the previous examples, each entry in the parenthesis in the sufficient conditions (37) 
on the existence of some Z n symmetry is an intersection number or sum of two intersection 
numbers with QTZ-even three-cycles. Each number in the parenthesis is therefore integer 
valued. 



2.3 Discrete Z ?1 symmetries in supersymmetric field theories 

In supersymmetric field theories - and more specifically the MSSM - discrete Z„ symmetries 
are invoked [1, 2] to argue that lepton- and/or baryon-number violating operators are 
absent, and to guarantee proton stability in agreement with experimental bounds. More 
explicitly, three-point and four-point couplings in the superpotential leading to dimension- 
four- and dimension-five-operators in the scalar potential violating baryon (B)- and/or 
lepton (L)-number, as listed schematically in table 5, have to be forbidden while the 
usual Yukawa-couplings in the superpotential are allowed. Even though the dimension- 
five-operators are suppressed by some mass scale, 0$ ~ 1/M, they are capable of inducing 
proton decay at an unacceptable rate, if they appear with a coefficient which is of order 
one. Discrete Z n symmetries are less constrained by anomalies than their continuous 
counter parts, and they arise naturally in string theory, as discussed in the previous section. 
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Lepton 


-and/or baryon- number violating operators in MSSM 




AL 

L — 1 1 J -J— \J 


AB 

L — \ 1 J -f— \) 


AL AB 


3-point 


F 


LLE, LQD, 


UDD, 






D 


UD f E,HlH d E, QUI) 


QQD j 




4-point 


F 


QU EH d , LH U LH U , 


QQQH d 


QQQL,UUDE 




F 


LH u H d H u 







Table 5: Overview of three-and four-point operators violating lepton (AL ^ 0)- and/or baryon 
(AB 0)-number for the MSSM. The subscripts denoting the handedness (L or R) are left out 
for simplicity. The second column indicates whether the operator appears from the F- or D-term. 



Discrete symmetries thus offer excellent extensions to the MSSM in order to prohibit the 
lepton-and/or baryon-number violating operators. 

Generically, a discrete Z n symmetry acts on the chiral superfields by a global phase rotation, 

$j e ia ^ /n ^j, (38) 
where the integer charge ctj is denned modulo an integer shift n, 

a j ~ a j + m j n , m j ^ ^- (39) 

Hence, charges under the Z n symmetry should be seen as equivalence classes, as it is 
customary for representations of cyclic groups. A generation-blind discrete 7L n symmetry 
acting on the MSSM states can be represented by a six-tuple of integer charges 3 , 

a = (atQ, a u , a d , a L , a e , a,), (40) 

as the charges of the two Higgs-doublets are fixed by the Yukawa-couplings to quarks 
and leptons. Given that every particle can have n different phases, we might be lead to 
the conclusion that there are n 6 — 1 possible non-trivial Z n symmetries, where the — 1 
eliminates the case where the charges for the MSSM particles are all zero. However, not 
all of these symmetries are independent. As the down-type Higgs-doublet H d couples both 
to {Ql,D r ) and to (L,E R ) one of the charges of the four chiral states is fixed by the 
three other. A similar argument can be used to fix one of the charges of the chiral states 
(Ql, Ur),(L, N r ), using their coupling to the up-type Higgs-doublet H u . In addition, one 

3 In the original papers [1, 2] right-handed neutrinos were not included in the analysis. In a recent paper 
[11] it was pointed out that the presence of right-handed neutrinos eliminates all Zg and Zis symmetries, 
which would otherwise be allowed. 
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Charges of generation-independent Z n symmetries 


Generator 


Ql 


Ur 


D R 


L 










K 





n — 1 


1 





1 


n — 1 


1 


n — 1 


£ 











n — 1 


1 


1 








A 








n — 1 


n — 1 





1 





1 



Table 6: Generation- 
independent charge 
generators 1Z, £, ^4 of the 
generic discrete Z n sym- 
metry in equation (41) 
with the corresponding 
charges of the chiral 
MSSM states. 



can set one of the remaining four independent charges to zero by a discrete hypercharge 
rotation. These considerations reduce the number of independent phases to n 3 , indicating 
a possible Z 3 freedom. Hence, each of the Z n symmetries g n can be decomposed in terms 
of three independent discrete generators lZ n = e l2nn ^ n , £ n = e a ' Kt l n and A n = e t27TA ^ n as 
follows [1], 

g n = KZ-J%-£? n , m,k,p = 0,l,...,n-l (41) 
with the charge assignments of MSSM states given in table 6. 

For a generic discrete Z n symmetry, the MSSM particles transform under the corresponding 
g n as follows: 

ctg = 0, ol u = —to, ad = m — k, 

Q.L = — k — p, a e = m + p a v = —m + k + p, (42) 

a H u = rn, a Hd = —m + k. 

Provided that the discrete symmetry arises from the breaking of a continuous gauge sym- 
metry U(l)x, the discrete symmetry will also have to obey anomaly cancelation con- 
ditions. 4 There exist two types of anomaly cancelation conditions: linear anomaly con- 
straints and cubic anomaly constraints. The linear anomaly constraints can be seen as 
the necessary conditions for the existence of a discrete symmetry. They boil down to the 
vanishing of the anomaly coefficients for the mixed non-Abelian SU(3) — SU(3) — Z n and 
SU(2) — SU(2) — Z n anomalies, as well as for the gravitational G — G — Z n anomaly (modulo 
n times the dimension of the fundamental representation of the gauge group). The cubic 
Z 3 anomaly is the only non-linear anomaly constraint that plays a non-trivial role, such 
that this constraint can be interpreted as the sufficient condition for the existence of a 
discrete Z n gauge symmetry. Writing down the four anomaly constraints for N g particle 

If the anomaly of the discrete symmetry does not vanish, it appears as a non-perturbative anomaly, 
i.e. a mixed Z„ x SU(3) 2 anomaly will induce terms generated by QCD instantons violating the discrete 
symmetry. 
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generations and N h Higgs doublet two-tuples (H u , H d ) with discrete Z n charge assignments 
given in table 6, the following relations define a discrete Z n symmetry: 5 

(i) SU(3) — SU(3) — Z n anomaly constraint: 



N g (6a Q + 3a u + 3a d ) G 3nZ (43) 
(ii) SU(2) — SU(2) — Z n anomaly constraint: 



N g (Qa Q + 2a L ) + N h (2a Hu + 2a Hi ) G 2nZ (44) 
(in) G — G — Z n anomaly constraint: 



N g (GctQ + 3a u + 3a d + 2a L + a e + a u ) + N h (2a Hu + 2a Hd ) G nZ (45) 
(iv ) Z n — Z n — Z n anomaly constraint 



Ng (Qa% + 3al + + 2a| + a\ + a^) + iV h (2a^ + 2a^J G nL (46) 

The expression for the first anomaly constraint (i) given in the form here clearly stipulates 
that the integer n has to be divisible by the number of generations N g . In the absence 
of additional heavy chiral fermions the cubic anomaly constraint (iv ) eliminates [2] most 
of the candidate Z n discrete gauge symmetries. Only three discrete symmetries satisfy all 
anomaly constraints for the MSSM: matter parity IZ2 (Z2), baryon-triality B3 = (Z 3 ) 
and proton-hexality P 6 = 7?|£q (Z 6 ). The corresponding charges are listed in table 7. 

The 'stringy' constraints on discrete Z n symmetries turn out much stronger than the purely 
field theoretical constraints as discussed for some examples in the following section. How- 
ever, we find several new Z2, Z4 and Zq symmetries in extensions of the MSSM that respect 
all 'stringy' constraints. 

5 Additional chiral fermions (such as Dirac fermions, Majorana fermions, etc.) charged under Z n 
can influence the vanishing of anomaly constraints drastically, and thereby also which discrete Z n gauge 
symmetries are conserved in a specific model [2]. For now the anomaly constraints will be written down 
disregarding the possible extra chiral fermions, but in the global models discussed in section 3 all additional 
and exotically charged chiral states are taken into account. 
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Charges of phenomenologically relevant Z„ symmetries 


Name 




Z n 


Ql 


U R 




L 




N R 


H u 




R-parity 


n 2 


z 2 





1 


1 





1 


1 


1 


1 


baryon triality 




z 3 





2 


1 


2 


2 





1 


2 


proton hexality 


/c 6 


z 6 





5 


1 


1 





2 


5 


1 



Table 7: Charge assignments for R-parity, baryon triality and proton hexality with charges chosen 
in the range ^ a < n and gcd(ag, a u , . . . , n) = 1. The entries in the second column denote the 
expression in terms of generators according to equation (41). 

3 Global Intersecting D-Brane Models 

In this section, the presence of discrete Z n gauge symmetries in global D6-brane models on 
various orbifold backgrounds is investigated for explicit examples constructed in [13, 15, 16]. 
Our method to identify the discrete gauge symmetries consists of three steps: first we 
identify all linear combinations of U(l) symmetries that remain massless according to the 
first line of equation (8). In the second step, we perform a complete scan for all possible 
discrete Z n symmetries satisfying the second line of equation (8), or in other words the 
necessary and sufficient conditions derived in section 2.2. In the third step, we shift the 
discrete charges by those of some massless U(l), e.g. a gauged B — L symmetry, such that 
the left-handed quarks are neutral, aQ = 0. The shifted charges are then interpreted in 
terms of the field theory description of section 2.3. 

The known global models on fractional D6-branes fall into two classes: left-right symmetric 
models with gauge groups containing SU(3) a X SU(2)b x USp(2) c , and Pati-Salam models 
with gauge groups containing SU(4) a x SU{2) b x SU(2) C . 

3.1 Left-right symmetric models 
3.1.1 A global model on T 6 /(Z 6 x Ml) 

The first global model under investigation was constructed [13] on five stacks of D6-branes 
in the orbifold background T 6 / (Z 6 x QTZ) with AAB lattice orientation. The gauge group 
is a priori given by U(3) a x U(2) b x USp(2) c x U(l)d x USp(2) e . Applying the generalized 
Green-Schwarz-mechanism, the Abelian gauge factors U(l) a , U(l)b and U(l)d provide two 
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massive gauge bosons and one massless gauge boson, which generates a gauged B — L 
symmetry, 

Qb-l = C Y + Q d - (47) 

The gauge groups USp(2) c and USp(2) e result from fractional D6-branes wrapped along 
three-cycles parallel to the f27£-plane, with displacements and Wilson lines along x 
providing the enhancement of the gauge groups from U(l) c and U(l) e , as discussed in 
subsection 2.2.2. Upon continuous displacement of the three-cycles or when turning on a 
Wilson-line along T? 3 ,, each gauge group USp{2) c e is broken to the diagonal massless and 
anomaly-free subgroup U(l) c>e , and the hypercharge Y or Y' is identified as 



Chiral states and Higgses for a five-stack model on 


the AAB lattice of T 6 (Z 6 x Wl) 


Matter 


Sector 


U(3) a x U(2) b 


(Qa, Qb, Qc, Qd, Qe) 


Qy 


Qb-l 


Ql 


ab 1 


3 x(3,2) 


(1,1,0,0,0) 


i 

6 


1 

3 


Ur 


ac 


3 (3, 1) 


(-1,0,1,0,0) 


2 
3 


1 

3 


D r 


ad 


3 (3, 1) 


(-1,0,-1,0,0) 


1 
3 


1 

3 


L 


bd' 


3(1,2) 


(0,-1,0,-1,0) 


1 

2 


-1 


Er 


cd 


3 x(l,l) 


(0,0,-1,1,0) 


1 


1 


Nr 


cd! 


3 x(l,l) 


(0,0,1,1,0) 





1 


Xbe 


be 


3x(l,2) 


(0,-1,0,0,1) 








x be > 


be 1 


3x(l,2) 


(0,-1,0,0,-1) 










bd 


(1,2) 


(0,1,1,0,0) 


1 

2 





H v 


be 


(1,2) 


(0,-1,1,0,0) 


1 

2 
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Table 8: Chiral states and non-chiral Higgs doublets arising from a five-stack left-right symmetric 
model on the AAB lattice of T 6 / (Zq x Q.1Z) after spontaneously breaking the USp(2) Cfi factors 
to their Abelian subgroups U(\) c ^ e . 



Qy = — + Y 01 Q v = — + T + T- (48) 

It is noteworthy that the massless U(l) c symmetry acts as a gauged R-symmetry as can be 
seen from the fact that all charges of the MSSM states are (up to a global sign) identical 
to those given in table 6. 

Discrete Z n symmetries arise from massive gauge symmetries of the form C/(l) mass i ve = 
k a U (1) + kbU (l)b + k d U (l)d, which can then be shifted by any linear combination of the 
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U{1)b-Li U(1) c and U(l) e symmetries to bring the charge assignments of MSSM states 
into the form in table 7. 



The full chiral spectrum for this model is listed in table 8. The Higgs states in this model 
stem from the non-chiral be plus be' sector and are also given in table 8. The non-chiral 
origin of the Higgses implies that the charges under the discrete Z n symmetry are opposite, 



a H (i) = -a n (i), 



a R (2) = -a„(2). 



1 1 V 



(49) 

Applying this constraint in terms of the charges given in (42), one can immediately deduce 
that k = (mod n), or equivalently that a Z n discrete gauge symmetry in this model 
will only be generated by 1Z and/or £. Comparing the charges of the states under the 
various Z7" (l)'s in table 8 with the field theory charges in table 6, one would naively identify 
£ = Qd- However, such a discrete C n symmetry does not exists due to the constraint (50) 
as discussed in detail below. 

The necessary and sufficient conditions (20) on the existence of discrete Z„ symmetries 
read for this model, 
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(50) 



with (k a ,kb,kd) 7^ (1,0,3), since this particular linear combination provides the massless 
gauged B — L symmetry. 

As expected, not all conditions are independent: the second, fifth and ninth line are iden- 
tical, and the sixth line is twice the fifth line. The third line is linearly dependent on 
the second and seventh line. The two remaining independent conditions lead to the shape 
(k a ,kb,kd) = (k a ,0,kd) 7^ (1,0,3) or (0,^,0) of solutions. The corresponding charge as- 
signments after shift by the gauged B — L symmetry, which is used to set the charge q;q 
of the left-handed quark doublets to zero, are given in table 9. 

The full set of solutions to the constraints (50) on discrete Z n symmetries has the following 
form. 
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Discrete charges for the L-R symmetric model on T 6 / (Z 6 x VtlZ) 



Discrete symmetries 


Charge assignment for the MSSM states 
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U(l)a 

































Table 9: The three Z„ discrete symmetries for a left-right symmetric five-stack model on T 6 / (7*$ x 
f27£). The charges of the MSSM states are listed after a B — L rotation. Upon breaking of the 
USp(2) Cie gauge group the charges can be further rotated by the massless U(l) c , e - A Q e rotation 
will not have any impact on the charges of the MSSM states since none of them carries a Q e 
charge, cf. table 8. 



• The combination (k a , kb, kd) = (1, 0, 0) points towards a discrete 'baryon' Z 3 symme- 
try arising from U (l) a . However, as all states in the last line of table 9 (even all chiral 
and non-chiral ones) have charge mod 3 under this discrete Z3 symmetry after a 
discrete B — L rotation. The discrete Z 3 symmetry is thus trivial in field theory. 

• The combination (k a , kb, kd) = (1, 0, 1) in the first line of table 9 allows for a discrete 
Z 2 gauge symmetry. The charge assignment in the first row of table 9 indicates that 
the discrete symmetry acts trivially after a B — L shift to set the charge of left-handed 
quarks to zero. 

• A second discrete Z 2 symmetry arises from the combination (k a ,kb,k d ) = (0,1,0). 
The second row in table 9 lists the charges of the MSSM fields after a B — L shift. 
Comparing the charges to the ones in table 7 suggests that this Z 2 symmetry could 
be a matter parity IZ2. However, as pointed out above the 71 symmetry is a gauged 
symmetry generated by U(l) c after breaking USp(2) c , and applying an additional 
rotation over Q c sets all MSSM charges to zero. A third shift over the massless Q e 
direction sets the remaining charges of the exotic states charged under U(l) e to zero, 
implying that this Z 2 symmetry is in fact a trivial symmetry. 

The superposition of this Z 2 with the first one corresponds exactly to the Z 2 discrete 
symmetry guaranteed by the K-theory constraints. 

Finally, we should also have a look at combinations (k a , kb, kd) = (0, 0, m) with meZto 
investigate if discrete symmetries generated by £ occur in this model. From the necessary 
and sufficient conditions (50) one can clearly see that they can never be satisfied for < 
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kd < n and n > 2. This consideration confirms our analysis above, where we did not find 
any discrete Z n gauge symmetry generated by £. Purely based upon the spectrum and 
the four anomaly constraints one would actually expect discrete symmetries generated by 
£. As they do not arise from string theory, this example clearly shows that the necessary 
and sufficient conditions in equation (20) are stronger than the field theoretic conditions of 
anomaly cancellations 6 . Given that the 1Z symmetry corresponds to a gauged symmetry, 
the absence of discrete symmetries generated by £ also implies that baryon triality S3 and 
proton hexality V§ do not appear as discrete symmetries in this model. 

To complete the study of discrete Z n gauge symmetries in this example, the field theory 
anomaly constraints for the chiral spectrum in table 8 ought to be investigated. However, 
given that the discrete symmetries found above all act trivially (i.e. the charges of all chiral 
states are zero under the symmetry), the anomaly constraints are trivially satisfied. 



3.1.2 A global model on T 6 /(Z' 6 x Ml) without a hidden sector 

Considering the ABa lattice configuration for the orbifold T 6 /(Zq x QTZ), a first type of 
models with a phenomenologically appealing chiral spectrum has been constructed [15] on 
four stacks of D6-branes, assuming that the complex structure modulus takes the value 
Q = \. The four stacks of D6-branes give a priori rise to the gauge group U(3) a x U(2)b x 
U Sp(2) c x U {l)d, an d the RR tadpoles vanish without invoking hidden D6-branes. Turning 
on continuous Wilson lines or displacing the D6 c -brane along Th^ breaks the enhanced 
gauge group USp(2) c to a massless Abelian gauge factor U(l) c . The generalized Green- 
Schwarz mechanism provides the cancellation of the remaining non-vanishing anomalies, 
and in that process U(l) a x U(l)b x U(l)d recombine into two massive linear combinations 
and one massless linear combination, which is a gauged B — L symmetry, 

Qb-l = ^Qa + Qd- (51) 

Together with the massless U(l) c factor after USp(2) c breaking along some flat direction, 
we can identify a massless hypercharge, 

Q Y = \QB-L + \Qc = \Qa + \Qc + \Qd- (52) 

2 2 o 2 2 

As in the model on T 6 / (Z 6 x Q7V), the massless U (l) c group acts as a gauged R-symmetry. 
The chiral spectrum of the model is presented in table 10. 

6 It is easy to check that the purely field theoretical linear and non-linear anomaly constraints in sec- 
tion 2.3 are satisfied for e.g. a discrete Z 2 symmetry generated by £. 
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Chiral states for the global model without hidden matter on the ABa lattice of T 6 /(Zg x Q1Z) 
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bd 
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9 x(l,l Anti ) 
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Table 10: Chiral states arising from a left-right symmetric model without hidden sector on the 
T 6 /(Zg x Q.TZ) orbifold after spontaneously breaking the USp(2) c gauge factor to an massless 
Abelian U(l) c subgroup. 



In the search for discrete Z n gauge symmetries arising from £/(l)m assivc , the generation- 
independent generators £ and A are naively identified respectively with Qd and \ (Q a — Qb — Qc + 
As a consequence the additional chiral states L and T>b in table 10 transform under a generic 
discrete symmetry g n with charges 



a-, 



P, 



k. 



(53) 



Discrete Z n gauge symmetries are present provided that the necessary and sufficient con- 
ditions from equation (28) are satisfied, 
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(54) 
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The second and third line are identical with the first line being the (trivial) multiple of 
six of the latter. The fourth line is the sum of third and fifth line, which in turn is 
identical to the tenth line. In consequence, within the first six lines only the conditions on 
the second and fifth line are independent, and any Z 2 symmetry is trivially respected by 
these lines. The seventh and eighth line are related by adding the third line, and they do 
not automatically respect Z 2 symmetries for arbitrary (k a , kd)- This example thus clearly 
shows that the sufficient conditions have to be taken into account when determining the 
appearance of discrete Z n gauge symmetries from string theory. 





Discrete charges of L-R symmetric models 


on T e /(Z' 6 


x Q.K) 




Discrete symmetries 


Charge assignment for the chiral states 


Z n 




Ql 


Ur 




L 


L 


Er 


Nr 


H u 


H d 


s 6 


z 2 
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Table 11: Overview of discrete Z n symmetries for a four-stack model on T 6 /(Zg x QTl) without 
hidden sector (and for a five-stack model with hidden sector if the singlet is taken out). For 
each linear combination (k a , kd) the corresponding charges for the chiral states are given after 
having performed a B — L rotation to set the charge of to zero. For the 7,q symmetry, an 
additional rotation over Q c also sets the charge of Ur to zero, as shown in the last row. The Z 2 
and Z3 symmetry are trivial, while the Z@ symmetry corresponds to (TZq)£^Aq. 



Solving the four independent conditions for various (k a , kf,, k d ) 7^ (1, 0, 3) for a fixed n gives 
the following list of discrete symmetries, with the corresponding charges of all chiral fields 
given in table 11: 

• The combination (k a ,kb,k d ) = (1,0,0) corresponds to a discrete Z3 symmetry em- 
bedded in U(l) a , representing the baryon number. After a B — L rotation setting 
the charge ctQ for the left-handed quarks to zero, the symmetry acts trivially on the 
chiral and non-chiral spectrum (i.e. the charges for all states are mod 3). 

• The combination (k a ,kb,kd) = (1,0,1) gives rise to a Z 2 symmetry, which after a 
B — L rotation acts trivially on the chiral states of table 10 as displayed in table 11. 
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• The last possibility giving rise to discrete symmetries is (k a ,k b ,k d ) = (0,1,0), for 
which one can identify a discrete Z$ symmetry with charges given in table 11. The 
Zg symmetry corresponds in field theory terms to the symmetry TZ^AqCq, after a 
B — L rotation on the charges. Shifting the charges over Q c to set the charge of U r 
to zero leads to the symmetry AqJCq, upon comparison with the MSSM charges in 
table 6. Applying this discrete Z 6 symmetry twice yields a discrete Z 3 symmetry, 
corresponding to the symmetry A3Q3. The Z 2 subgroup of this discrete Z 6 symme- 
try acts trivially, and added to the previous combination (k a , kb, kd) = (1, 0, 1) the 
discrete Z 2 symmetry guaranteed by the K-theory constraints emerges. 

In summary, in this global model none of the field theoretically known discrete Z n sym- 
metries of the MSSM, matter parity 1Z%, baryon triality B3 or proton hexality Vq occur as 
discrete symmetries. Nevertheless, a new and somewhat exotic discrete Z 6 symmetry has 
been identified as (7ZI)Aq£q in this model. The discussion ends by showing that the field 
theory anomaly constraints are satisfied for the discrete symmetries listed above. For a 
generic Z n symmetry the field theory anomalies for the chiral spectrum in table 10 read: 

(i) SU(3) — SU(3) — Z n anomaly constraint: 

N g (6a Q + 3a u + 3a d ) G 3nZ =4> kN g G nZ . (55) 

(ii) SU(2) — SU(2) — Z n anomaly constraint: 

N g (6a Q + 2a L ) + N h (2a Hu + 2a Hd ) + 3(2a L + 2a T ) G 2nZ 
k(N g + 3-N h )+ pN g e nZ . 

(Hi) G — G — Z n anomaly constraint: 

N g (GctQ + 3a u + 3atd + 2a l + a e + a u ) 
+ N h (2a Hu + 2a Hd ) + 3(2a L + 2a z ) + ^s 6 o;e 6 e nZ 
k (4N g - 2N h - iV Sb ) + 6p G nZ . 

(iv) Z n — Z„ — Z n anomaly constraint 

Ng (Qa% + 3al + 3a d + 2a\ + a\ + aft) 
+ N h (2a% u + 2a% d ) + 3(2a| + 2a|) + N^ b al b G nZ 
[-k {k(k + 3p) + 3(A; - mf + 3(p + m) 2 } + Qm 2 p] N g 
+ 2k[k 2 - 3km + 3m 2 ]N h - 6k[k 2 + 3kp + 3p 2 } + Nx b k 3 G nZ . 

Evaluating the anomaly constraints for the (7ZI)Aq£q symmetry explicitly is cumbersome, 
but by inserting the details of the chiral spectrum (N g = 3, Nh = 18, iV^ = 9) one can 
clearly see that all constraints are satisfied. 
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(56) 



(57) 



3.1.3 A global model on T 6 /(Z 6 x QTZ) with a hidden sector 

The ABa lattice configuration for the T 6 / (Z 6 x QTZ) orbifold also allows to construct 
[15] global phenomenologically appealing models with a hidden sector. For a complex 
structure modulus Q = \ five-stack models give a priori rise to left-right symmetric models 
with gauge groups U (3)„ x U (2) 6 x U Sp(2) c x U(l)a x Chidden, with the hidden gauge group 
^hidden = USp(6), USp(4) x USp{2) or USp{2). Similarly to the model without hidden 
sector, the enhanced gauge group U Sp(2) c can be broken to a massless Abelian gauge factor 
U(l) c by turning on continuous Wilson lines or displacing the D6-branes c along TiL. The 
other three U(l) factors give rise to a gauged B — L symmetry as in equation (51) and two 
massive linear combinations. The massless hypercharge can be constructed in exactly the 
same way as in equation (52). The details for the hidden gauge groups are not given here, as 
the hidden stacks do not give rise to chiral matter at the intersections with the SM stacks. 
The chiral spectrum for all models with hidden sector is identical, and we can discuss the 
discrete Z n symmetries independently of the hidden sector. Note that the only differences 
between the chiral spectrum of these models and the model without hidden matter given in 
table 10 are the number of Higgs doublet two-tuples (H u , Hd) (Nh = 9 instead of Nh = 18) 
and the absence of the singlet states £& in the models with hidden gauge groups. This 
implies that the naive identification of the gauged R-symmetry as U(l) c and generators of 
discrete Z n symmetries £ and A in terms of Qd and \ (Q a — Qb — Q c + Qd), respectively, 
still holds. 

The necessary and sufficient conditions for this type of models follow from equation (28): 
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The first three lines are identical (up to an overall factor of 3 in the first line), and the 
fifth line is the sum (with possible minus signs that are irrelevant due to mod n) of 
the conditions from the second and fourth line. As a consequence, within the first six 
lines only the conditions on the second and fourth line are independent. These lines 
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automatically respect n = 2 for any choice of (k a , kb, kd)- The two non-trivial sufficient 
conditions are related by adding multiples of the second line. As in the model without 
hidden sector on T 6 /(Z' 6 x Ml), they only respect a Z2 symmetry for particular values 
of (k a , kd), emphasizing once more the importance of fulfilling the sufficient conditions as 
well. Solving the three independent conditions for various combinations of (k a , kb, kd) yields 
the same list of discrete Z n gauge symmetries as for the model without hidden sectors in 
table 11. Also the expressions for the field theoretical anomaly constraints for the discrete 
symmetries are very similar to the ones in subsection 3.1.2. The only differences are the 
number of Higgs doublet two-tuples (Nh = 9 instead of Nh = 18) and the absence of 
the chiral singlets (which boils down to setting jVg = 0), but one can easily show 
that the anomaly constraints are also satisfied for the discrete symmetries in this model, 
independently of the hidden sector. Although the three generators 71, £ and A can be 
identified in the models with hidden sectors, there are only three discrete symmetries 
satisfying the string theory conditions, which is less than expected from field theoretic 
considerations. More importantly, baryon triality and proton hexality are not explicitly 
realized. 

3.2 Pati-Salam models 

By unifying SU(3) x U(l) B—L C SU(4), a left-right symmetric model turns into a Pati- 
Salam type GUT. These arise very naturally in intersecting D6-brane models. The apparent 
unification of quarks and leptons in Pati-Salam models will be reflected in the structure of 
the superpotential, which one naively expects to be constrained by discrete Z n symmetries 
not present in left-right symmetric models or the MSSM. In this section this naive expec- 
tation will be confirmed by investigating the discrete Z„ symmetries for global Pati-Salam 
models constructed on T 6 /(Z' 6 x Q7Z) and T 6 /(Z 2 x Z' 6 x Q7Z) with discrete torsion. 

3.2.1 A global model on T 6 /(Z' e x Ml) 

A first global Pati-Salam model considered here arises [14] from five stacks of D6-branes 
wrapping fractional three-cycles on the ABa lattice of the T 6 /(Z' 6 x QTZ) orbifold with 
complex structure modulus g — |. The five stacks of D6-branes give rise to the gauge 
groups U(4) a x U(2) b x U(2) c x U(l) d x U(l) e . The five U(l) gauge factors combine into 
one massless gauged U(l)x = U(l)b — 2C/(l) e symmetry with conserved charge, 

Qx = Q b - 2Q e , (60) 
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while the four orthogonal directions give rise to four massive linear combinations by virtue 
of the generalized Green-Schwarz mechanism. The left-handed quarks and leptons arise 
from the ab sector, whereas the right-handed quarks and leptons are found at the ad 
intersections. The full chiral spectrum together with the non-chiral Higgs-sector is given 
in table 12. 
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Table 12: Chiral states and non-chiral Higgs doublets arising from a five-stack global Pati-Salam 
model on the ABa lattice of T 6 /(Z' 6 x Wl). 



For this model with five U(l) gauge groups, discrete gauge symmetries survive as Z n sub- 
groups of linear combinations of the U(l)'s with coefficients (k a , kb, k c , kj, k e ) ^ (0, 1, 0, 0, n— 
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2) satisfying the necessary and sufficient conditions from equation (28), 
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The sixth line is trivially satisfied, whereas the fifth line is the sum of the third and fourth 
line. Line seven and eight are identical, and the last line is the sum of the fourth line and 
the second-to-last line. This brings the total number of independent conditions down to at 
most six. Solving them for various combinations (k a , kb, k c , kd, k e ) provides the following 
list of inequivalent discrete gauge symmetries: 



• One notices immediately that the conditions are solved for (k a , kb, k c , kd, k e ) = (1,0, 0, 0, 0), 
(k a ,k b ,k c ,kd,k e ) = (0,1,0,0,0) and (k a , k b , k c , k d , k e ) = (0,0,1,0,0), corresponding 
respectively to a discrete Z 4 C U(l) a , and two discrete Z 2 symmetries, one as a sub- 
group of U(l)b and one as a subgroup of U(l) c . The discrete Z 2 C U(l) c symmetry 
can be interpreted as the matter parity 7Z 2 , cf. the charges in table 13. Regarding 
the other Z 2 symmetry, in order to set the Ql charge to zero the charges are shifted 
over Qx, making the Z 2 symmetry a trivial one, as can be seen from the second row 

of table 13. Performing such a shift over Qx for the Z4 symmetry gives the third row. 
Upon comparison with the charges in table 6 the Z 4 symmetry can be interpreted as 

• The combination (k a ,kb,k c ,kd,k e ) = (0,0,1,4,4) yields a genuine discrete Z 6 sym- 
metry, with the charges of the chiral states listed in table 13 after a Qx-shift. This Z 6 
symmetry can be interpreted as TZq£,qAq upon comparison with the charges in table 6. 
Applying the symmetry twice corresponds to a discrete Z3 symmetry embedded in 
U(l) c + U(l) d + U(l) e and interpretable as 1Z 3 £ 3 Al 

In total there are three non-trivial Z n symmetries: one Z 2 , one Z4 and one Zg. 
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Table 13: Overview of the discrete Z n symmetries for a five-stack Pati-Salam model on T 6 /(Zg x 
WZ). For each Z n symmetry the corresponding charges for the chiral states and the Higgs-sector 
are given, where for the latter the charges of the states from the be sector can be different from 
those of the states from the be' sector. For the second row and third row a rotation over Qx 
defined in equation (60) was used to set the charge of Ql to zero. 



3.2.2 Five-stack global Pati-Salam models on T 6 /(Z 2 x Z' 6 x VLTZ) with r? = -1 

Next, we consider global Pati-Salam models constructed on D6-branes wrapping rigid three- 
cycles on the AAA lattice of the T 6 / (Z 2 x Z' 6 x Q1Z) orbifold with discrete torsion. The 
first type of Pati-Salam models consists [16] of five stacks of D6-brane with gauge groups 
U(4) a x U{2) b x U{2) c x U(2) d x U(2) e , and with one generation of left-handed (right- 
handed) quarks and leptons coming from the ab (ac) sector and two generations from the 
ab' (ac') sector. As the three generations of leptons and quarks do not come from a single 
sector, discrete Z n symmetries can be generation-dependent. The Higgs-sector arising from 
the be sector is minimal, and additional chiral supermultiplets have to be added to cancel 
the non-Abelian gauge anomalies, as can be seen from table 14. In this particular global 
D-brane model no massless linear combinations of the £7(1) 's survive, and all £/(l)'s acquire 
a Stiickelberg mass via the generalized Green-Schwarz mechanism. 

Due to the presence of three distinct Z 2 twisted sectors for the rigid three-cycles, the number 
of necessary and sufficient conditions is drastically increased, as discussed in section 2.2.4. 
The sixteen a priori necessary conditions from equation (35) read for this particular model: 
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Chiral spectrum of a five-stack Pati-Salam model on the AAA lattice of T 6 /(Z2 x Z 6 x flTZ) 


Matter 


Sector 


UU) x U(2) L x U(2) R x U(2) d x U(2) e 


(C/n. C/hi C/^. Wrl * CJ c ) 
\ V ti 7 O 7 (_. 7 ^ t£ 7 t& e; y 


(Qt,L) 

\ Li J J - J / 


ab 


(4,2,1,1,1) 


(1,-1,0,0,0) 


(Qf ,£) 


ab' 


2 x (4,2,1,1,1) 


(1,1,0,0,0) 


(Mb, dn, Vvt, eBi 


ac 


(4, 1, 2, 1, 1) 


(-1,0,1,0,0) 

\ 7^77^7^/ 


(Ujl, d,R, VVI, 6R ) 


ac' 


2 x (4,1,2,1.1) 


(-1,0,-1,0,0) 


1 11 rl . ill, ) 


be 


(1,2,2,1,1) 

V 7 — 7 — 7 -""7 / 


(0,1,-1,0,0) 


X^d 


bd 


(1,2,1,2,1) 

V 7 7 7 7 / 


(0,1,0,-1,0) 

\ 7 7 7 7 J 


Xbd> 


bd' 


3x (1,2,1,2,1) 


(0,-1,0,-1,0) 


Xbe' 


be' 


(1,2,1,1,2) 


(0,-1,0,0,-1) 


X c d 


cd 


(1,1,2,2,1) 


(0,0,-1,1,0) 


X c d' 


cd! 


3x (1,1,2,2,1) 


(0,0,1,1,0) 


X ce i 


ce' 


(1,1,2,1,2) 


(0,0,1,0,1) 



Table 14: Chiral spectrum of a five-stack Pati-Salam model on T 6 /(Z2 x Z' 6 x 072.) with discrete 
torsion. All exotic states denoted by X xy are chiral with respect to the anomalous U(l) C U(2) 
factors, but non-chiral with respect to the Pati-Salam group. 
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One immediately observes that the first, third, eight, twelfth, thirteenth and fourteenth 
line are trivially satisfied. The fifth and tenth line are linear combinations of the second 
and fourth line, which are equivalent respectively to the seventh and ninth line. Hence, 
there are only six independent necessary conditions left. Adding the sufficient conditions 
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from equation (37) constrains the viable discrete gauge symmetries even more: 
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(63) 



Of the sixteen sufficient conditions, four are trivially satisfied (the first, sixth, eigth and 
sixteenth line). The second, third, fourth, fifth and ninth are equivalent, as well as the 
tenth with the fourteenth and the twelfth with the thirteenth, such that there are only six 
independent sufficient conditions. A careful analysis of the necessary and sufficient condi- 
tions shows that there exist seven relations among them, implying that only five conditions 
are truly independent. Solving these five independent conditions for all combinations of 
(k a , kb, k c , kd, k e ) leads to the following discrete symmetries: 



• The most simple solutions occur when only one gauge factor is involved. The combi- 
nation (k a = 1, k x ^ a = 0) corresponds to a discrete Z 4 C U(l) a symmetry. If one of 
the k x — 1 with x G {b, c, d, e} while all the other coefficients k x = k y = 0, a discrete 
Z 2 symmetry emerges from U(l) x . All of these discrete symmetries are generation- 
independent, as can be seen from the charges in table 15. The Z 2 symmetries arising 
from U(l)d and U(l) e act trivially on the MSSM states, but non-trivially on some 
exotic matter. The Z 2 C U(l) c symmetry corresponds to the R-parity TZ2- The Z 2 
symmetry emerging from U(l)b and the Z4 symmetry emerging from U(l) a cannot 
be interpreted as discrete symmetries generated by 1Z, ii or A, as the Ql charge is 
non-zero and cannot be set to zero by shifting by a massless gauged U(l). 

• In this model there are no discrete Z3 symmetries, as the rank of the QCD gauge 
group for a Pati-Salam model is N a = 4 instead of N a = 3. 

• Surprisingly, an additional discrete Z 4 symmetry arises from the massive, linear com- 
bination U(l)b + U(l) c + U(l)d + U(l) e . This Z 4 symmetry acts on the quarks and 
leptons in a generation-dependent way, and leaves the Higgs-sector untouched, 
see table 15. The symmetry also transforms some of the exotic chiral matter. In this 
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Discrete charges for the five-stack Pati-Salam model on T 6 /(Z2 X Z g X 


Discrete Symmetries 


Charge assignment for the chiral states 


In 




(Ql,L) 
ab ab' 


(Qr,R) 

ac ac' 


(H d , H u ) 






X be i 










U(l)e 























1 








1 




U(l)d 
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1 
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1 







U(l)c 
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1 




U(l) b 


1 


1 








1 


1 


1 


1 













U(l)a 


1 


1 


3 


3 

























U(l) b + U(l) c + U(l) d + U(l) e 


3 


1 


1 


3 








2 


2 





2 


2 



Table 15: Overview of the discrete symmetries for the five-stack Pati-Salam model on T 6 /(Z2 x 
x QJZ) with discrete torsion. For each Z n symmetry the corresponding charges of the chiral 
states are listed. For the left-handed and right-handed quarks and leptons the charges depend 
on the sector (ab, ab' , ac, ac') the state originates from. In this model there is no massless gauge 
symmetry available to shift the charge of Ql to zero. 



sense, the discrete Z 4 symmetry can be used to exclude certain couplings between 
the chiral exotics and the visible matter. 

In summary, there are five generation-independent Z n symmetries (four Z 2 's and one Z4), 
and one generation-dependent Z4 symmetry. 

3.2.3 Six-stack global Pati-Salam models on T 6 /(Z 2 x Z' 6 x &K) with 77 = — 1 

On the AAA lattice a second type of global Pati-Salam models can be constructed [16] 
on six stacks of D6-branes wrapping fractional three-cycles. They give rise to the gauge 
group U(A) a x U(2) b x U{2) c x U(A) d x U(2) e x U{2) f . Just like in the previous Pati- 
Salam model, the three generations of quarks and leptons arise from different sectors: two 
generations of left-handed (right-handed) quarks arise from the ab (ac') sector, while the 
third generations arises from the ab' (ac) sector. Hence, also in this model 7L n symmetries 
can be generation- dependent. The Higgs-sector is not minimal in this model: two chiral 
Higgs-doublets (H^, H u ) arise from the be' sector, and one non-chiral pair arises at the be 
intersections. Similarly to the five-stack model, exotic chiral matter has to be added in 
order for the non-Abelian gauge anomalies to vanish, see table 16. 

The six stacks of D6-branes in this model provide for six Abelian gauge factors. Four of 
them combine into a massless gauged U(l)z with conserved charge: 

Qz = Qb-Qc + Qe + Q f , (64) 
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Chiral spectrum of a six-stack Pati-Salam model on the AAA lattice of T 6 /(Z,2 x Z 6 x CITZ) 



Matter 


Sector 


TT(A\ \/ TTfO\ \/ TT fO\ w TT ( A\ w TT f 0\ ks TTfO\ 

U{4:) x U(2) L x U(2) R x U(4) d x U{2) e x U{2)f 


(QaiQbj Qc, Qd, Ve, Qf) 


Qz 


{Ql,L) 


ab 


2 x (4,2,1,1,1,1) 


i 1 1 AAri a\ 

(1,-1,0,0,0,0) 


— 1 




ab 


/'/111 1 1 1 \ 

(4,2,1,1,1,1) 


/ 1 1 AAA f\\ 

(1,1,0,0,0,0) 


1 

1 


( — J — — \ 

{u R ,d R ,v R ,e R ) 


ac 


(4,1,2,1,1,1) 


/ 1 A 1 A A A\ 

(-1,0,1,0,0,0) 


— 1 


( — J — — \ 

{u R ,d R ,v R ,e R ) 


i 

ac 


O w /Tl 1 o 1 1 1 \ 

2 x (4,1,2,1,1,1) 


( 1 A 1 A A A\ 

(-1,0,-1,0,0,0) 


1 


( TT TT \ 

(H d ,n u ) 


be 


2 x (1,2,2,1,1,1) 


/A 1 1 A A A\ 

(0,1,1,0,0,0) 


A 




V" 


bcl 


(1,2,1,2,1,1) 


/A 1 A 1 a a\ 

(0,1,0,-1,0,0) 


1 


^bd> 


bd 


(1,2,1,2,1,1) 


/A 1 A 1 a a\ 

(0,-1,0,-1,0,0) 


— 1 




bf 


(1,2,1,1,1,2) 


/ A 1 AAA 1 \ 

(0,1,0,0,0,-1) 





x bfl 


bf 


(1,2,1,1,1,2) 


(0,-1,0,0,0,-1) 


-2 


X c d 


cd 


(1,1,2,2,1,1) 


(0,0,-1,1,0,0) 


1 


X c d' 


cd! 


(1,1,2,2,1,1) 


(0,0,1,1,0,0) 


-1 


x cf 


cf 


(1,1,2,1,1,2) 


(0,0,1,0,0,-1) 


-2 


Xcf 


cf 


(1,1,2,1,1,2) 


(0,0,-1,0,0,-1) 





(Hd, H u ) 


be 


(1,2, 2, 1,1,1) + /i.e. 


(0,±l,Tl,0,0,0) 


±2 



Table 16: Chiral spectrum and non-chiral Higgs pair arising from a global six-stack Pati-Salam 
model on T 6 / (Z2 x Zg x Q.1Z) with discrete torsion. All exotic states denoted by X xy are chiral 
with respect to the anomalous U (1) C U(2) factors, but non-chiral with respect to the Pati-Salam 
group. 



while the five perpendicular directions acquire a Stiickelberg mass via the generalized 
Green-Schwarz mechanism. The massless linear combination can be found by investigat- 
ing the necessary conditions (8) for this particular model, which seem - inferring from 
equation (35) - at first sight quite involved: 
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A closer look reveals that the first, third, eight, tenth and twelfth line are trivially satisfied, 
while the sum of the thirteenth and fourteenth line reproduce the fifth and sixteenth line. 
Furthermore, the seventh, ninth and eleventh line are equivalent, such that only six lines are 
independent. It is then not difficult to verify that the combination {k a , kb, k c , kd, k e , kf) = 
(0, 1, —1, 0, 1, 1) solves the constraints with n = and implies the existence of a massless 
U(l) gauge symmetry. 

In order to find the discrete symmetries, the necessary conditions have to be supplemented 
with the sufficient conditions from equation (37) : 
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The intricate form or the sufficient conditions demands for simplification: the first and 
eighth line are equivalent, just like the second line is equivalent to the tenth line, and 
the sixth line to the twelfth line. Furthermore, the seventh, thirteenth and fourteenth 
line are equivalent, and the ninth and fifteenth line are trivially satisfied. The third and 
eleventh line already appeared in the necessary conditions, such that only seven lines form 
independent conditions. A further manipulation of the six necessary and seven sufficient 
conditions reveals seven additional relations among them, implying that only six conditions 
are truly independent. Solving these six conditions for all integer coefficients k x with 
(k a , kb, k c , kd, k e , kf) ^ (0, \,n — 1, 0, 1, 1) leads to the discrete Z n symmetries displayed in 
table 17. The only solutions are the discrete symmetries emerging from a single gauge 
factor C/(l)xe{o,6,c,(i,e,/}) i- e - the solutions with one of the k x ^ while all other integer 
coefficients are set to zero. These solutions are identified as one discrete Z4 symmetry 
emerging U(l) a and a second one from U{l)d- The latter acts trivially on the quarks, 
leptons and Higgses, but non-trivially on the exotic chiral matter, as can be seen from 
the fifth row in table 17. The Z 4 C U(l) a symmetry acts only on the quarks and leptons 
in a generation-independent way, see the sixth row in table 17. Performing a rotation 
over Qz to set the Ql charges for two generations to zero, the discrete symmetry turns 
into a generation-dependent symmetry, inherited from the generation-dependent U(l)z 
symmetry. For each of the U(2) gauge factors, a discrete Z 2 symmetry is found. None 
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of these Z 2 discrete symmetries are generation-dependent. The Z 2 symmetries arising 
from U(l) c and 27 (1)& can both be interpreted as the matter parity 7?-2- In case of the 
latter a Qz-shift was used to set the charges of Ql to zero. The Z 2 symmetry emerging 
from 2/(l) e acts completely trivially on the chiral spectrum, but non-trivially on the non- 
chiral states charged under U(l) e . Finally, the Z 2 symmetry from 2/(1)/ acts trivially 
on the quarks, leptons and Higgses, but might serve as a discrete symmetry forbidding 
interactions between the SM particles and chiral exotics charged under 2/(1)/. 





Discrete charges for the six-stack Pati-Salam model on T 6 /(Z2 
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Table 17: Overview of the discrete symmetries for the six-stack Pati-Salam model on T 6 / (Z 2 x 
Zg x QTZ). For each Z n symmetry the corresponding charges of the chiral states are listed. For 
the left-handed and right-handed quarks and leptons the charges depend on the sector (ab, ab', 
ac, ac') the state originates from. In the last row a Qz shift sets the charge for two generations 
of Ql to zero and makes the symmetry generation dependent. 



4 Discussion and Conclusions 



In this paper, a thorough study of discrete Z n gauge symmetries in global models (i.e. 
models satisfying the RR tadpole cancellation conditions and K-theory constraint) of 
intersecting D6-branes has been presented on orientifolds of toroidal orbifolds, where 
the D6-branes wrap fractional or rigid three-cycles along the internal directions. These 
discrete symmetries emerge from (the linear combinations of) the Abelian parts of the 
U(N) = SU(N) x 2/(1) gauge groups living on the D6-branes, once the 2/(1) 's acquired a 
mass via the Stuckelberg mechanism and do no longer operate as local symmetries. The 
conditions for the existence of discrete Z„ symmetries are briefly reviewed for the six-torus 
and generalized for factorisable toroidal orbifolds with at least one titled two-torus. For 
such backgrounds it is rather non-trivial to find the complete basis of QTZ-even and QTZ- 
odd three-cycles, as they no longer form a unimodular lattice. The approach presented 
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here consists of two steps: first construct the basic QTZ-even three-cycles from the orbifold- 
invariant bulk and exceptional three-cycles. With these Ml-even three-cycles the necessary 
conditions on the existence of discrete Z n symmetries can be worked out. Secondly, the 
three-cycles for which the gauge group enhances to a USp(2N) or SO(2N) factor are in- 
trinsically QlZ-even, and the linearly independent ones give rise to additional constraints, 
which ought to be interpreted as sufficient conditions. The necessary and sufficient con- 
ditions found in this process cannot be completely independent, as the total number of 
constraints clearly exceeds the dimension of the space of Ml-even three-cycles, given by 
the number h 2 i + 1. In practice many of the constraints will turn out to be trivially satisfied 
or will be linearly dependent. 

The toroidal orbifolds in this paper either allow for the construction of fractional three- 
cycles, such as T 6 / (Z 6 x Ml) and T 6 / (Z' 6 x Ml), or of rigid three-cycles, such as T 6 / (Z 2 x 
Zg x Ml) with discrete torsion. As a warm-up example, T 6 /(Z 2 x Z 2 x Ml) without 
discrete torsion with tilted tori iluminates how the presence of tilted two-tori takes away 
the unimodular character of the lattice of Ml-even and Ml-odd three-cycles. From a 
model building perspective however, the other three orbifolds are more appealing, as they 
allow for the construction of global intersecting D6-brane models. Each of the orbifolds has 
of at least two tilted two-tori whose complex structure moduli are fixed by a Z 6 action, and 
consequently the QTl-even and QTl-odd three-cycles do not form a unimodular lattice for 
these orbifolds either. Following the strategy discussed above, the necessary and sufficient 
conditions on the existence of discrete Z n symmetries are derived for all three orbifolds. 
As a byproduct to arrive at the sufficient conditions, a full classification of Ml-eveia three- 
cycles giving rise to a USp(2N) or SO(2N) gauge group is included for the AAB lattice 
on T 6 /(Z 6 x Ml) and the ABa lattice on T 6 /(Z 6 x Ml). 

For the three lattice choices, global left-right symmetric models and global Pati-Salam 
models can be constructed on the respective toroidal orbifolds. The left-right symmetric 
character automatically implies the presence of the R-parity H 2 . If the gauge group SU (2) R 
is realized by an enhanced gauge factor U Sp(2), the R-parity remains a gauged symmetry, 
whereas if the gauge group SU(2) R comes from a genuine Z7(2), the R-parity is an actual 
discrete symmetry. For left-right symmetric models, the other two generators £ and A 
can also be explicitly identified in terms of U(l) charges: £ corresponds to Qd, the U(l) 
charge of the Abelian gauge group in a four-stack model; A can be realized by the linear 
combination \{Q a — Qb — Qc + Qd), if the Higgses H u and Hd are not realized as each 
others' hermitian conjugates in the D6-brane construction. Although discrete symmetries 
generated purely by £ or A are not found for global D6-brane models, Z 6 symmetries 
generated by a combination of them do occur explicitly in certain models. 

In the left-right symmetric models, additional gauged U(l) symmetries (like the gauged 
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B — L symmetry) can occur that allow to set the charges under the Z n symmetry to zero, 
making various discrete symmetries trivial from the field theory perspective. For the global 
left-right symmetric model on T 6 /(Z*q x Q1Z), all Z 2 and Z3 discrete symmetries can be 
rotated to trivial symmetries in this way. The non-trivial 1*$ and Z3 discrete symmetries 
arising from global left-right symmetric models and a global Pati-Salam model on T 6 / (Z' 6 x 
QTZ) are listed in table 18, together with their effect on lepton- and/or baryon-number 
violating operators. The only operator allowed by all gauge and discrete Z n symmetries is 
the four-point coupling U U D E, which violates lepton- and baryon-number but preserves 
the difference B — L. All other operators violate the discrete symmetries and are therefore 
forbidden in perturbation theory. In general, D-brane instantons are expected to produce 
non-perturbative corrections to the superpotential, provided that the three-cycle wrapped 
by the instanton is a rigid three-cycle. However, the D-brane instanton corrections are 
constrained by the existence of remnant discrete Z n symmetries. As there are no rigid three- 
cycles on the T 6 / (Z' 6 x QTZ) orbifold, non-perturbative contributions to the superpotential 
from D-brane instantons are not expected in this particular model. 

Besides the R-parity 1Z 2 additional discrete Z 2 symmetries appear from other U{2) gauge 
factor in the global Pati-Salam models. Remarkably, Z 3 symmetries are not found, instead 
a discrete Z4 symmetry emerges from the U(A) 'QCD stack' in all models investigated 
here. Depending on the model, Zg symmetries are viable, as is the case for the Pati- 
Salam model on T 6 /(Z 6 x VtlZ) (see right block in table 18). In the two global models 
on T 6 / (Z 2 x Z' 6 x flTZ) with discrete torsion, the three generations of quarks and leptons 
are realized by adding up two different sectors: ab and ab' for the left-handed states, 
ac and ad for the right-handed states. As the three generations do not arise from a 
single sector, continuous and discrete symmetries can become generation-dependent. These 
generation-dependent symmetries exclude couplings between different generations of quark 
and leptons, without having to determine the Yukawa-couplings explicitly. 

The main objective of the paper was the study of discrete gauge symmetries as they arise 
purely from the string theoretic framework of intersecting D6-branes. Various global left- 
right symmetric models come with additional massless gauged U(l) symmetries, such as 
the gauged B — L symmetry, which if surviving as local symmetries at energies close to 
the electro- weak scale might be visible as Z' bosons [35, 23, 36], dark photons [37, 38] or 
cosmological fluctuations [39]. The U (1) symmetries thus have to be broken spontaneously 
by field theoretic effects, such that they act at most as global symmetries in agreement 
with the phenomenology of the Standard Model. Upon spontaneous symmetry-breaking, 
new discrete Z„ symmetries may emerge. Similarly, when the SU(4)qcd and the SU{2)r 
gauge groups in the Pati-Salam models are broken to a SU(3)qcd and U(l)y by field 
theoretic effects, additional Z ra symmetries might arise. 
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The classification of discrete symmetries in the global Pati-Salam models on T 6 /(Z 2 x 
Z 6 x Q1Z) with discrete torsion [16] facilitates the computation of D2-brane instanton 
corrections, which might generate hierarchically suppressed missing couplings. Besides 
this phenomenological search, the conditions on the existence of discrete Z n symmetries 
will be derived also for T 6 /(Z 2 x Z 6 x QTZ) with discrete torsion, which we expect to be 
a fertile background for MSSM and GUT vacua. It will also be interesting to search for 
non-Abelian discrete symmetries along the lines in [40]. 

Abelian symmetries on D6-branes in generic Calabi-Yau manifolds have only been inves- 
tigated to leading order [41, 42]. For future model building, it will be of great interest to 
extend the conditions on the existence of discrete Z n symmetries to such backgrounds. 
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Table 18: Overview of discrete Z n symmetries arising from the global left-right symmetric models 
and global Pati-Salam model on T 6 /(Z 6 x VtTZ): the left column lists the lepton- and/or baryon- 
number violating operators (see table 5) ordered in the following way: the first four blocks list 
the //-term, the lepton-number violating operators, the baryon-number violating operators and 
the lepton-and baryon-number violating operators from the superpotential; the last two blocks 
list the D-terms yielding the lepton- and baryon-number violating operators. The second block of 
columns marks (/) which of them are allowed by the usual field theoric discrete Z n symmetries: 
R-parity 7^-2, baryon triality B 3 and proton hexality Vq. The third block of columns lists the non- 
trivial discrete symmetries and the gauged B — L symmetry of the left-right symmetric model 
and marks (/) which operators are allowed for a particular symmetry. The last block of columns 
gives the non-trivial discrete 7L n symmetries for the Pati-Salam model with the allowed operators. 
Operators might be forbidden by massless Abelian symmetries such as the 7?.6-symmetry of the 
left-right symmetric model. 
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